Abstract. Let R be a commutative ring with 1 = 0 and let H = {R | R is a commutative ring and N il(R) is a divided prime ideal}. If R ∈ H, then R is called a φ-ring. In this paper, we introduce the concepts of φ-torsion modules, φ-flat modules, and φ-von Neumann regular rings.
Introduction
Let R be a commutative ring with 1 = 0 and N il(R) be its set of nilpotent elements. Recall from [15] and [3] that a prime ideal of R is called a divided prime if P ⊂ (x) for every x ∈ R\P . Set H = {R | R is a commutative ring and N il(R) is a divided prime ideal of R}. If R ∈ H, then R is called a φ-ring.
Throughout this paper, it is assumed that all rings are commutative and associative with identity 1 = 0 and all modules are unitary. Recently, the authors in [1] , [2] , [14] , and [18] generalized the concept of Prüfer, Bezout domains, Dedekind domains, Krull domains, Mori domains, and Strongly Mori domains to the context of rings that are in the class H. Also, the authors in [4] , [3] , [5] , [6] , [7] , and [9] , investigated the following classes of rings: φ-CR, φ-P V R, and φ-ZP U I. Furthermore, in [11] , the authors investigated going-down φ-rings. The authors in [8] , [13] and [16] , introduced the notion of nonnil-Noetherian rings (later called φ-Noetherian rings). This notion was extended to noncommutative rings in [19] . The authors in [10] , stated many of the main results on φ-rings.
The classic homological algebra enlighten us that the categories of modules and homological dimensions are beneficial to characterize a ring from its external structure. For example, w.gl.dim(R) = 0, equivalently, every Rmodule is flat, if and only if R is a von Neumann regular ring. This naturally leads to the question: How to characterize a ring R ∈ H in terms of modules theoretic methods? To this end, we introduce a class of modules. Set N N (R) = {J | J is a nonnil ideal of ring R}. Let M be an R-module. We define φ-tor(M ) = {x ∈ M | Ix = 0 for some I ∈ N N (R)}. If φ-tor(M ) = M , then M is called a φ-torsion module, and if φ-tor(M ) = 0, then M is called a φ-torsion free module. In Section 2, we investigate some basic properties of φ-torsion modules and φ-torsion free modules.
In Section 3, we define a φ-flat module with the help of φ-torsion modules. An R-module M is called φ-flat, if − R M is exact for every exact R-sequence 0 → A → B → C → 0, where C is a φ-torsion R-module. We show that an R-module M is φ-flat if and only if 0 → I R M → R R M is an exact sequence for all nonnil ideals I of R. This helps us generalize the theory of flat modules to the φ-flat modules.
Recall that a ring R is said to be von Neumann regular if every R-module is flat. A ring R is von Neumann regular, if and only if there is an element x ∈ R such that a = xa 2 for each a ∈ R, if and only if every principal ideal I of R is generated by an idempotent, if and only if every finitely generated ideal I of R is generated by an idempotent. We define a φ-ring R to be a φ-von Neumann regular ring if every R-module is φ-flat. In the last section of this paper, we characterize φ-von Neumann regular rings and we give an example of a φ-von Neumann regular ring that is not a von Neumann regular ring.
On φ-torsion modules and φ-torsion free modules
Set N N (R) = {I | I is a nonnil ideal of ring R}. Let M be an R-module. We define
If φ-tor(M ) = M , then M is called a φ-torsion module, and if φ-tor(M ) = 0, then M is called a φ-torsion free module. Clearly, submodules and quotient modules of φ-torsion modules are still φ-torsion; submodules of φ-torsion free modules are still φ-torsion free.
If N il(R) is a prime ideal, then φ-tor(M ) is a submodule of M which is called the total φ-torsion submodule of M . Set T = φ-tor(M ). Then T is always φ-torsion and M/T is always φ-torsion free.
Example 2.1. Let R be a commutative ring. Then R/I is a φ-torsion Rmodule for any nonnil ideal I of R.
Every regular ideal is a nonnil ideal, thus every torsion R-module is φ-torsion R-module, and every φ-torsion free R-module is torsion free R-module. If R is a strong φ-ring, in the sense that each zero divisor is nilpotent, or a domain, then every φ-torsion R-module is torsion R-module, and every torsion free R-module is φ-torsion free R-modules.
The following results give us a criterion to φ-torsion module, and φ-torsion free module.
Proof. M is φ-torsion if and only if for any x ∈ M , there is a nonnilpotent element r ∈ R such that rx = 0. Theorem 2.3. The following statements are equivalent for a module M :
(1) M is φ-torsion free.
and all R/J-modules B.
Proof.
(1)⇒(2). Let f ∈ Hom R (R/J, M ) and write x = f (1). Thus Jx = 0, whence
(2)⇒(3). Let F = (R/J) be a free R/J-module and let f : Conversely, let M = φ-tor(N ). Then Hom R (M, N ) = 0. Thus the inclusion homomorphism M → N is the zero homomorphism. Therefore M = 0, and hence N is φ-torsion free.
Theorem 2.5. Let R be a commutative ring with prime nil ideal N il(R) and {M i | i ∈ Γ} be a family of φ-torsion modules. Then i∈Γ M i is φ-torsion.
Proof. We have that Hom
Proof. If I is a nonnil ideal of R, then f (I) is a nonnil ideal of T .
, as an R[x]-module, is also a φ-torsion module.
Corollary 2.8. Let M be a φ-torsion R-module, and S be a regular multiplicative set in the ring R. Then S −1 M is a φ-torsion S −1 R-module.
Proof. If I is a nonnil ideal of R, then S −1 I is a nonnil ideal of S −1 R.
Theorem 2.9. Let f : R → T be an epimorphism from rings R to T . If M is a φ-torsion T -module, then M , as a R-module, is also a φ-torsion module.
Proof. If J is a nonnil ideal of T , then f −1 (J) is a nonnil ideal of R.
Corollary 2.10. Let M be an R-module. If M/IM is a φ-torsion R/I-module, then M is a φ-torsion R-module.
On φ-flat modules
An R-module M is said to be flat if for every monomorphism f :
We give the definition of φ-flat modules as follows.
Definition 3.1. An R-module M is said to be φ-flat, if for every monomorphism f : A → B with φ-torsion coker(f ), f ⊗ 1 :
Recall from [20] that M is flat if and only if 0 → I R M → R R M is exact for any ideal I (or any finitely generated ideal I), if and only if the natural homomorphism σ : I R M → IM given by σ(a ⊗ x) = ax, a ∈ I, x ∈ M , is isomorphic for any ideal I (or any finitely generated ideal I), if and only if Tor (e) I R M ∼ = IM for all nonnil ideals I of R.
(f) − R M is exact for every exact R-sequence 0 → N → F → C → 0, where N , F , C are finitely generated, C is a φ-torsion R-module, and F is free.
(g) − R M is exact for every exact R-sequence 0 → N → F → C → 0, where C is a φ-torsion R-module, and F is free.
(h) Tor R 1 (R/I, M ) = 0 for all finitely generated nonnil ideals I of R.
(i) 0 → I R M → R R M is an exact sequence for all finitely generated nonnil ideals I of R.
(j) I R M ∼ = IM for all finitely generated nonnil ideals I of R. 
It is similar to the flat modules.
Every nonnil ideal I of R is the direct limit of all finitely generated nonnil subideals I i of I, i.e., I = lim
be a basis of F . The case for n = 1 is true by hypothesis and the following result. If 0 → I → R → R/I → 0 is exact, and R/I is a φ-torsion R-module, then I = Ann R (1) N il(R). Therefore, I is a nonnil ideal of R.
Suppose n > 1. Set F 1 = Re 2 · · · Re n and A = N Re 1 . Let I = {r ∈ R | re 1 ⊆ A}. Then A = Ie 1 ∼ = I. Consider the following commutative diagram with exact rows:
where π is the natural homomorphism, p is the projection, and f is the homomorphism induced by the left square. If u ∈ N with f (u) = p(u) = 0, then u ∈ Re 1 . Thus u ∈ A, whence f is monomorphic. Consider the following commutative diagram:
in which all columns and rows are exact. C is a φ-torsion R-module imply that
Tensoring by M we have the following commutative diagram with the top row exact:
The bottom row is also exact because that
Then there are a finitely generated free submodule F 0 and a free submodule F 1 of F such that F = F 0 F 1 and N 0 ⊆ F 0 . In the following commutative diagram
f is monomorphic by Five Lemma, C is a φ-torsion R-module imply that F 0 /N 0 is a φ-torsion R-module. Thus N 0 R M → F 0 R M is monomorphic by hypothesis. Consider the following commutative diagram:
(g)⇒(a). Let A be a submodule of a module B. Pick a free module F and an epimorphism g : F → B. Set N = g −1 (A) and K = ker(g). Then we have the following commutative diagram (a pullback diagram) with exact rows and
(N il(R)) P , thus I ia a nonnil ideal of R. The exact sequence 0 → I R M → R R M implies that 0 → I P RP M P → R P RP M P is exact. Therefore, M P is a φ-flat R P -module for each prime ideal P of R. . We have Ra is a principal ideal of R, thus Ra = Re for some idempotent element e ∈ R. Therefore, I is generated by an idempotent element e ∈ R/N il(R).
(f)⇒(e). Let I be a finitely generated nonnil ideal of R, then I/N il(R) is also a finitely generated nonzero ideal of R/N il(R). Therefore, I/N il(R) = (e) for some idempotent e ∈ R, and I is generated by e.
(f)⇔(g). See Theorem 3.1 in [17] .
Example 4.2. Let k be a field, and B be a k-linear space. R = k(+)B is the idealization of k in B. Set N = 0(+)B, then R/N ∼ = k is a field, and N il(R) = N = 0. Therefore, R is a φ-von Neumann regular ring, but not a von Neumann regular ring.
